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Abstract Power-law-type distributions are extensively found when studying the
behavior of many complex systems. However, due to limitations in data acquisition,
empirical datasets often only cover a narrow range of observations, making it
difficult to establish power-law behavior unambiguously. In this work, we present
a statistical procedure to merge different datasets, with two different aims. First,
we obtain a broader fitting range for the statistics of different experiments or
observations of the same system. Second, we establish whether two or more
different systems may belong to the same universality class. By means of maximum
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likelihood estimation, this methodology provides rigorous statistical information
to discern whether power-law exponents characterizing different datasets can be
considered equal to each other or not. This procedure is applied to the Gutenberg–
Richter law for earthquakes and for synthetic earthquakes (acoustic emission
events) generated in the laboratory: labquakes (Navas-Portella et al. Phys Rev E
100:062106, 2019).

1 Introduction

Generally speaking, a complex system can be understood as a large number of
interacting elements whose global behavior cannot be derived from the local laws
that characterize each of its components. The global response of the system can be
observed at different scales, and the vast number of degrees of freedom hampers
the prediction of the system dynamics. In this context, a probabilistic description
of the phenomenon is needed in order to reasonably characterize it in terms of
random variables. When the response of these systems exhibits lack of characteristic
scales, it can be described in terms of power-law-type probability density functions
(PDF), f (x) ∝ x−γ , where x corresponds to the values that can be taken by the
random variable that characterizes the response the system can take, ∝ denotes the
proportionality, and the power-law exponent γ acquires values larger than one. The
power law is the only function that is invariant under any scale transformation of the
variable x [1]. This property of scale invariance confers a description of the response
of the system where there are no characteristic scales. This common framework is
very usual in different disciplines [2, 3] such as condensed matter physics [4],
economics [5], linguistics [6], geoscience [7], and, in particular, seismology [8, 9].

It has been broadly studied [10, 11] that different complex systems can be
grouped into the same universality class when they present common values of all
their power-law exponents and share the same scaling functions. Therefore, it is
important to determine these exponents rigorously, not only to properly characterize
phenomena but also to provide a good classification into universality classes.

In practice, exponents are difficult to measure empirically. Due to experimental
limitations that distort the power-law behavior, the property of scale invariance can
only be measured in a limited range. Therefore, when a power-law distribution is
fitted to empirical data is more convenient to talk about local or restricted scale
invariance. In this context, the wider the range the fitted PDF spans, the more reliable
and strong this property will be.

A paradigmatic example of power-law behavior in complex systems is the
well-known Gutenberg–Richter (GR) law for earthquakes [12]. This law states
that, above a lower cut-off value, earthquake magnitudes follow an exponential
distribution, in terms of the magnitude PDF,

f (m) = (b log 10)10−b(m−mmin) ∝ 10−bm, (1)
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defined form ≥ mmin, withm the magnitude (momentmagnitude in our case),mmin

the lower cut-off in magnitude, b is the so-called b−value, and log corresponds
to the natural logarithm. The general relationship between seismic moment x and
moment magnitude m is given by

x = 10
3
2m+9.1, (2)

measured in units of Nm [13, 14]. Provided that in a change of variables such as
m → x the probability is invariant, the following property must be true fX(x)dx =
fm(m)dm. Considering this probability invariance and combining Eqs. (1) and (2),
the GR law is a power-law distribution when it is written as a function of the seismic
moment x

f (x) = 2

3

b

xmin

(
x

xmin

)−
(
1+ 2

3 b
)

= γ − 1

xmin

(
x

xmin

)−γ

, (3)

where we conveniently define γ = 1+ 2
3b (b > 0 and γ > 1), and xmin corresponds

to the value of the seismic moment of the cut-off magnitude mmin [15] introduced
in Eq. (2). Note that this PDF has a domain x ∈ [xmin,+∞).

An earthquake catalog is an empirical dataset that characterizes each earthquake
by an array of observations: time of occurrence, spatial coordinates, magnitude, etc.
The magnitude mmin is usually associated to the completeness threshold, such as
all earthquakes with m ≥ mmin are recorded in the catalog [15]. For m < mmin,
some events are missing from the catalog due to the difficulties of detecting them
(e.g., [16, 17]), especially when the seismic activity rate suddenly increases, such as
in aftershock sequences, in which earthquake waveforms tend to overlap each other
and are difficult to detect [15, 18–20]. This incompleteness distorts the power-law
behavior below mmin, whose value should be an upper bound to encompass these
variations.

One has to keep in mind that there also exists an upper cut-off due to finite-size
effects [21], implying that, at a certain value of the magnitude, there are deviations
from the power-law behavior. Consequently, strictly speaking, the range of validity
of the GR law cannot be extended up to infinity [7, 22]. By ignoring which is
the model that conveniently fits the tail of the distribution, the power-law behavior
has to be restricted to an upper cut-off xmax . By considering a generic power-law
distribution fX(x) = Cx−γ , where C is a normalizing constant and the support
x ∈ [xmin, xmax], the PDF for the truncated GR law is written as

f (x) = 1 − γ

x
1−γ
max − x

1−γ
min

x−γ , (4)

defined for x ∈ [xmin, xmax].
Recent studies regarding the acoustic emission (AE) in compression experiments

of porous glasses and minerals [23–28] or wood [29] have focused the attention
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on the energy distribution of AE events due to the similarities with the GR law for
earthquakes [22]. According to the terminology that is used in some of these studies,
we will name as labquakes those AE events that occur during the compression of
materials.

Earthquake and labquake catalogs as well as other empirical datasets in complex
systems only report a limited range of events, making it difficult to estimate
parameters of the power-law PDF accurately. In this work, we try to solve this
problem by combining datasets with rigorous statistical tools, with the goal of
finding a broader range of validity when the different datasets correspond to the
same system. If different datasets can be combined and characterized by a unique
power-law exponent, it means that the particular exponents of each dataset are
statistically compatible. When different phenomena share the same power-law
exponents for the distributions of all their observables, they can be classified into
the same universality class. Consequently, this methodology represents a statistical
technique to discern whether different phenomena can be classified into the same
universality class or not.

In order to conveniently classify earthquakes and labquakes into the same
universality class, all the observables should be taken into account and all the
corresponding exponents should be compatible. In this work, we will illustrate this
methodology by focusing on the distribution of seismic moment for earthquakes and
the AE energy for labquakes. The results will reveal whether they are candidates to
be classified into the same universality class or not, but the final establishment of
their belonging to the same universality class would require the study of all the
possible observables.

The manuscript is structured as follows: Sect. 2 deals with the procedure of
mergin datasets. This method is first tested with synthetic data (Sect. 3). The
earthquake and charcoal labquake catalogs used are presented in Sect. 4, which
also explores the effect of the data resolution in the fitting procedure. Earthquake
catalogs are merged in Sect. 5 and then merged with labquake catalogs in Sect. 6.
The conclusions are set out in Sect. 7.

2 Merging Datasets

By considering nds datasets of Ni (i = 1, . . . , nds) observations each, one wants to
fit a general power-law distribution with a unique global exponent for all of them.
Let us assume that for the i-th dataset, the variableX (seismic moment if one works
with the GR law for earthquakes or AE energy if one works with the GR law for
labquakes) follows a power-law PDF fX(x; γi, x

(i)
min, x

(i)
max) given by Eq. (4) from a

certain lower cut-off x
(i)
min to an upper cut-off x

(i)
max with exponent γi and number of

data ni (ni ≤ Ni) in the range
[
x

(i)
min, x

(i)
max

]
. Note that one can also consider the

untruncated power-law model for the i-th dataset if x
(i)
max → ∞. One can state that
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data from the i-th dataset does not lead to the rejection of the power-law hypothesis
for a certain range (see Refs. [7, 30], or alternatively, Ref. [31]). Note that, in the
i-th dataset, the variable X can acquire values in a range typically spanning several
orders of magnitude.

Generally, the procedure of merging datasets is performed by selecting upper and
lower cut-offs x

(i)
min and x

(i)
max (x(i)

min < x
(i)
max) for each dataset. Note that “merging”

does not imply that events as a whole are grouped together but their values of the
corresponding observable under study are instead lumped together to a new dataset.
Data outside these ranges are not considered. All the possible combinations of cut-
offs {xmin} and {xmax} are checked with a fixed resolution (see below). The Residual
Coefficient of Variation (CV) test can be used to fix some upper cut-offs, thus
reducing the computational effort. For more details about the CV test applied in
this context, see Ref. [32]. Two models can be tested:

• Model One Exponent (OneExp): All datasets are merged by considering a
unique global exponent � (γi = � for all datasets).

• Model Multi Exponent (MultiExp): All datasets are merged, but each one with
its own exponent γi (i = 1, . . . , nds).

Note that model OneExp is nested in model MultiExp and the difference in the
number of parameters characterizing these models is n

(Mult iExp)

L − n
(OneExp)

L =
nds − 1. Since one is interested in merging datasets with a unique global exponent
(model OneExp), enough statistical evidence that this simpler model is suitable to
fit the data is needed. The fit is performed by means of the following protocol:

0. Select a given set of cut-offs
[
x

(i)
min, x

(i)
max

]
, (x(i)

min < x
(i)
max) for i = 1, . . . , nds .

1. Maximum likelihood estimation (MLE) of model OneExp: The log-likelihood
function of model OneExp can be written as

logLOneExp =
nds∑
i=1

ni∑
j=1

log fX
(
xij ; �, x

(i)
min, x

(i)
max

)
, (5)

where xij corresponds to the ni values of the variable X that are in the range

x
(i)
min ≤ xij ≤ x

(i)
max in the i-th dataset, log is the natural logarithm, and � is

the global exponent. The definition of likelihood is consistent with the fact that
likelihoods from different datasets can be combined in this way [33, p. 27]. At
this step, one has to find the value �̂ of the global exponent� that maximizes the
log-likelihood expression in Eq. (5). For the particular expressions corresponding
to the untruncated and truncated power-law PDF, see Eqs. (3) and (4). If all
the power-law distributions are untruncated, this exponent can be easily found
analytically [34] as

�̂ = 1 +
∑nds

i=1 ni∑nds

i=1
ni

γ̂i−1

,
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where the hats denote the values of the exponents that maximize the log-
likelihood of the particular power-law distribution (model MultiExp) and the
general one in Eq. (5). See Ref. [34] for more details about the relationship
between the global and particular exponents. If truncated power-law distributions
are considered, one has to use a numerical method in order to determine the
exponent �̂ that maximizes this expression [30, 35].

2. MLE of model MultiExp: The log-likelihood function of the model MultiExp
can be written as

logLMultiExp =
nds∑
i=1

ni∑
j=1

log fX
(
xij ; γi, x

(i)
min, x

(i)
max

)
, (6)

using the same notation as in Eq. (5). For the particular expressions correspond-
ing to the truncated and untruncated power-law PDFs, see Eqs. (4) and (3) in
Sect. 2. The values of the exponents that maximize Eq. (6) are denoted as γ̂i .

3. Likelihood ratio test: The likelihood ratio test (LRT) for the models OneExp and
MultiExp is used to check whether the model OneExp is good enough to fit the
data or not in comparison with the model MultiExp. For more details about the
LRT applied in this context, see Ref. [32]. If the model OneExp is not rejected,
the procedure goes to step (4). Otherwise, this fit is discarded and the procedure
goes back to step (0). Note that the model OneExp can be a good model to fit if
the particular exponents γ̂i do not exhibit large differences among each other in
relation to their uncertainty.

4. Goodness-of-fit test: In order to check whether it is reasonable to consider the
model OneExp as a good candidate to fit the data, the next null hypothesis is
formulated H0: the variable X is power-law distributed with the global exponent
�̂ for all the datasets. Two different statistics used in order to carry out the
goodness-of-fit tests are used: the Kolmogorov–SmirnovDistance of the Merged
Datasets (KSDMD) and the Composite Kolmogorov–SmirnovDistance (CKSD).
The KSDMD statistic can be used as long as datasets overlap each other, whereas
the CKSD statistic does not require this condition. For more details about how
these statistics are defined and how the p-value of the test is found, see Ref. [32].
If the resulting p-value is greater than a threshold value pc (in the present work,
the thresholds pc = 0.05 and pc = 0.20 are used), this is considered as a
valid fit and it can be stated that the variable X is power law distributed with
exponent �̂ along all the different datasets for the different ranges {xmin} and
{xmax}. Otherwise, this fit is not be considered as valid and the procedure goes
back to step (0).

When all the combinations of cut-offs have been checked, one may have a list
of valid fits. In order to determine which of them is considered the definitive, the
following procedure is carried out:
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1. The fit that covers the largest sum of orders of magnitude max

[ ∑nds

i=1 log10(
x

(i)
max

x
(i)
min

)]
is chosen. If the power-law fit is untruncated, x(i)

max can be substituted

by the maximum observed value x
(i)
top. If there is a unique candidate with a

maximum number of orders of magnitude, then this is considered as the definitive
global fit. Otherwise, the procedure goes to the next step.

2. The fit with the broadest global range max

[
max

(
x

(i)
max

)

min
(
x

(i)
min

)
]
for i = 1, . . . , nds is

chosen. If there is a unique candidate, this is considered as the definitive global
fit. Otherwise, the procedure goes to the next step.

3. The fit with the maximum number of data N = ∑nds

i=1 ni is considered as the
definitive global fit.

By means of these three steps, a unique fit has been found for all the datasets
analyzed in this work. Nevertheless, one could deal with datasets in which more
conditions are needed in order to choose a definitive fit unambiguously. In this
case, the protocol formally concludes either by considering a subset of valid fits
or choosing one of them according to the researcher’s criteria. At the end of this
procedure, if a unique solution is found, one is able to state that the datasets
that conform the global fit correspond to phenomena that are candidates to be
classified into the same universality class, at least regarding the observable X. If
no combination of cut-offs is found to give a good fit, then it can be said that there
exists at least one catalog that corresponds to a phenomenon that must be classified
in a different universality class.

3 Performance Over Synthetic Datasets

Once the methodology for merging datasets has been presented together with the
different goodness-of-fit tests, it is important to check the performance of the
method over synthetic data. In order to carry out this analysis, two untruncated
power-law-distributed datasets with exponents γ1 and γ2, lower cut-offs x

(1)
min and

x
(2)
min, and sizes n1 and n2 are generated. In order to simplify the analysis, the sizes

of both datasets are considered to be equal, n1 = n2. The global exponent �̂ of the
merged catalogs is estimated according to the methodology explained in the main
text, and the LRT statistic 2Re is computed according to the methods presented in
Sect. 2. Given that the difference on parameters between model 1 and 2 in this case
is 1, the critical value of the test with a level of risk equal to 0.05 is 2Rc = 3.84.
If the empirical LRT statistic is found to be larger than the critical one, one then
rejects the null hypothesis that the simpler model 1 is good enough to describe data
and, consequently, more parameters are needed. Once the global exponent and the
likelihood ratio statistic are found, the two different goodness-of-fit tests explained
in Ref. [32] are performed.
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The analysis is performed for different dataset sizes as well as different power-
law exponents γ1 and γ2. The results of the method for synthetic datasets are
shown in Table 1. Five groups are presented depending on the relative difference δγ

between exponents. The p-values of the CKSD and KSDMD goodness-of-fit tests
have been computed with 104 Monte Carlo simulations. In order to compare our
results with a test that checks whether two power-law exponents are significantly
different or not, the pnorm-value of the z-test detailed in Ref. [9] is also shown.
These p-values can be computed by assuming that, for a sufficiently large sample
size, the z-statistic follows a normal distribution with zero mean and standard
deviation equal to one. As one would expect, if both datasets have exactly the same
power-law exponent, the null hypothesis that variable X is power-law-distributed
for all the datasets with the global exponent �̂ is not rejected. When the CKSD
goodness-of-fit test rejects the null hypothesis of a power-law distribution with a
global exponent, the z-test also rejects the null hypothesis of considering γ1 = γ2.
The same does not apply for the KSDMD goodness-of-fit test, where some fits yield
to non-rejectable p-values, whereas the z-test clearly rejects the null hypothesis.
In this sense, one can consider that the KSDMD statistic is less strict than the
CKSD statistic. However, for the sample sizes that are involved in this work, both
goodness-of-fit tests reject the null hypothesis for sufficiently large difference in the
exponents. It can also be seen that the null hypothesis is rejected independently on
the goodness-of-fit test for those fits in which the Likelihood Ratio statistic exceeds
the critical value 2Rc = 3.84. This fact justifies the decision of performing the LRT
before the goodness-of-fit test.

4 Earthquake and Charcoal Labquake Catalogs

We have selected catalogs that have different completeness magnitudes in order
to cover different magnitude ranges. We hope that a convenient combination of
these datasets will give us a larger range of validity of the GR law with a unique
exponent. Let us briefly describe the catalogs that have been used in this work (see
also Fig. 1):

• Global Centroid Moment Tensor (CMT) Catalog: It comprises earthquakes
worldwide since 1977 [36, 37], from which we analyze the dataset until the
end of 2017. This catalog reports the values of the moment magnitude as well
as the seismic moment. Given that the seismic moment is provided with three
significant digits, the resolution of the magnitude in the catalog is approximately
�m � 10−3.

• Yang–Hauksson–Shearer (YHS) A: It records earthquakes in Southern California
with m ≥ 0 in the period 1981–2010 [38]. This catalog does not report the
seismic moment but a preferred magnitude that is approximately converted into
seismic moment according to Eq. (2). The resolution of the catalog is �m =
0.01.
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Fig. 1 Earthquake epicenters of the different catalogs. Horizontal and vertical axes correspond to
longitude and latitude in degrees, respectively. (a) Full CMT catalog for the period 1977–2017
[36, 37]. (b) Entire YHS A Catalog [38] of Southern California for the period 1981–2010. (c)
Subcatalog corresponding to a region (YHS B) of the YHS catalog for Los Angeles area for
the period 2000–2010. Maps in cylindrical equal-area projection (top) and sinusoidal projection
(middle and bottom), produced with Generic Mapping Tools [39]
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• Yang–Hauksson–Shearer (YHS) B: It is a subset of YHS A that contains the
earthquakes in the region of Los Angeles in the period 2000–2010 [38]. This
LA region is defined by the following four vertices in longitude and lati-
tude: (119◦W, 34◦N),(118◦W, 35◦N),(116◦W, 34◦N), and (117◦W, 33◦N) (see
Fig. 1). This region has been selected because it is among the best monitorized
ones [17, 40]. Furthermore, we selected this time period due to the better
detection of small earthquakes than in previous years [40], which should reduce
the completeness magnitude of the catalog [17]. The magnitude resolution of
this catalog is the same as YHS A.

Figure 1 shows the epicentral locations of the earthquakes contained in each catalog.
In the statistical analysis, in order to not to count the same earthquake more than
once, the spatio-temporal window corresponding to the YHS B catalog has been
excluded from the YHS A and the spatio-temporal window corresponding to the
YSH A catalog has been excluded from the CMT catalog.

We performed one uniaxial compression experiment of charcoal in a conven-
tional test machine Z005 (Zwick/Roell). Samples with no lateral confinement were
placed between two plates that approached each other at a certain constant dis-
placement rate ż. Simultaneous to the compression, recording of an AE signal was
performed by using a piezoelectric transducer embedded in one of the compression
plates. The electric signal U(t) was pre-amplified, band filtered (between 20 kHz
and 2MHz), and analyzed by means of a PCI-2 acquisition system from Euro
Physical Acoustics (Mistras Group) with an AD card working at 40 megasamples
per second with 18 bits precision [41]. Signal pre-amplification was necessary to
record small AE events. Some values of the pre-amplified signal were so large
that could not be detected correctly by the acquisition system. This fact led to
signal saturation and, consequently, an underestimated energy of the AE event [34].
Recording of data stopped when a big failure event occurred, and the sample got
destroyed.

An AE event (often called AE hit in specialized AE literature) starts at the time
tj when the signal U(t) exceeds a fixed detection threshold and finishes at time
tj + τj when the signal remains below threshold from tj + τj to at least tj + τj +
200µs. The energy Ej of each event is determined as Ej = 1

R

∫ tj +τj

tj
U2(t)dt ,

where R is a reference resistance of 10 k�. This AE energy corresponds to the
radiated energy received by the transducer. At the end of an experiment, a catalog
of events is collected, each of them characterized by a time of occurrence tj , energy
Ej , and duration τj .

4.1 Effect of the Magnitude Resolution in Earthquake Catalogs

A different issue that can be addressed is whether the magnitude resolution in
earthquake catalogs affects the fitting procedures when PDFs are considered as
continuous. As explained in Sect. 4, some catalogs provide the magnitudes with
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a given resolution �m, leading to discretized values when they are transformed
into seismic moments in order to fit a power-law distribution. In order to check the
effect of the resolution �m when fitting a power law, n exponentially distributed
magnitudes were generated according to the Gutenberg–Richter law (assuming
b = 1 and mmin = 3) from uniform random numbers u according to

m = mmin − log10 (1 − u)

b
.

Once generated, these values were binned according to the bin width or resolution
�m and converted into seismic moment according to Eq. (2). The fitting procedure
explained in Sect. 2 was then applied, and the results for different sample sizes (n =
102, n = 103 and n = 104) of magnitudes sampled from a Gutenberg–Richter law
(b-value= 1 and mmin = 3) and discretized according to different values of the
resolution �m are shown in Table 2.

In Fig. 2, the fitted b̂-value as a function of the resolution �m is shown for
the three different sample sizes. As it can be observed, the value of the maximum

Table 2 Results of simulating magnitudes sampled from a Gutenberg–Richter law with mmin =
3 and b-value= 1 for different sample sizes n and different resolutions �m. The fitted b̂-values
and their standard deviations σ were computed by means of MLE, and p-values were extracted
from the KS goodness-of-fit test explained in Ref. [30]. Data are plotted in Fig. 2

�m mmin b-value n b̂ σ pvalue

1 3 1 102 3.948 0.394 0

103 4.4326 0.140 0

104 4.024 0.040 0

0.5 3 1 102 1.448 0.145 0

103 1.876 0.059 0

104 1.840 0.018 0

0.1 3 1 102 1.070 0.106 0

103 1.113 0.035 0

103 1.122 0.011 0

0.05 3 1 102 0.994 0.099 0.022 ± 0.001

103 1.060 0.033 0

104 1.086 0.011 0

0.01 3 1 102 1.050 0.105 0.578 ± 0.004

103 1.013 0.032 0.267 ± 0.004

104 0.997 0.010 0

0.005 3 1 102 1.076 0.108 0.856 ± 0.004

103 1.039 0.033 0.396 ± 0.005

104 0.995 0.010 0.033 ± 0.002

0.001 3 1 102 1.067 0.102 0.588 ± 0.005

103 1.018 0.0322 0.828 ± 0.004

104 1.009 0.010 0.386 ± 0.005
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Fig. 2 Maximum likelihood estimator b̂-value as a function of the resolution in magnitudes �m

for different sample sizes. Data are sampled from a Gutenberg–Richter law with mmin = 3 and
b-value= 1. The horizontal black line corresponds to the real b-value. Data are shown in Table 2

likelihood (ML) estimator converges to the expected b-value= 1 as the magnitude
bin width is decreased. The ML estimator is biased for resolutions larger than 0.1
and is acceptable, within the error bars, for smaller values of the resolution [42].
However, the results of the goodness-of-fit test lead to rejectable p-values for large
samples even when the ML estimator is unbiased (see Table 2). A resolution of
�m = 10−3 ensures that the largest sample of n = 104 yields non-rejectable p-
values. Some results presented in this chapter deal with catalogs whose resolution
and number of events could result in rejectable fits. However, non-rejectable p-
values were found instead, leading to the conclusion that data in those real catalogs
follow a power-law distribution even more reliably.

5 Merging Earthquake Catalogs

The GR law states that the seismic moment can be considered as a random variable
M that is power-law distributed. In its usual form, the GR law fits a power-law
model that contemplates a unique power-law exponent. Nevertheless, several studies
have elucidated the existence of a double-power-law behavior in the GR law for
global seismicity [7, 43, 44]. Corral and Gonzalez [7] pointed out that a truncated
power law with exponent γ � 1.66 cannot be rejected up to mmax � 7.4 and a
second power-law tail emerges fromm′

min = 7.67 with an exponent γ ′
M = 2.1±0.1.

Furthermore, by fixing the upper truncation at mmax = m′
min = 7.67, the truncated



78 V. Navas-Portella et al.

power-law hypothesis cannot be rejected (see Table 3). Consequently, if one wishes
to fit a power-law PDF with a unique exponent, all those earthquakes with m ≥
mmax = 7.67 should be excluded. For the CMT catalog, the upper cut-off is fixed at

Mmax = 10
3
2mmax+9.1, whereas the other catalogs can be safely fitted by untruncated

power-law PDFs because the CV test does not reject the hypothesis of a unique
power-law tail and the magnitudes that are studied are considerably smaller than
those in the CMT catalog (see Table 3).

Therefore, two untruncated power-law distributions and a third one that is
truncated for the CMT catalog are considered in order to merge catalogs. For each
decade, 5 values of M

(i)
min equally spaced in logarithmic scale are sampled, and all

the possible combinations of cut-offsM
(1)
min, M

(2)
min, andM

(3)
min are checked for a fixed

upper truncation M
(3)
max . The labels (1), (2), and (3) correspond to the catalogs YSH

B, YSH A, and CMT, respectively.
In Table 4, the results of the global fit for models OneExp and MultiExp are

shown. The same global fit is found independently from the choice of the test
statistic used in the goodness-of-fit test. A b-value very close to one holds for more
than 8 orders of magnitude in seismic moment from mmin = 1.93 to mmax = 7.67
(see Fig.3). The value of the global exponent is approximately in agreement with the
harmonic mean of the particular exponents of the GR law for each catalog [34, 45].
Due to the upper truncation, the value of the global exponent is not exactly the same
as the value of the harmonic mean of the particular exponents. The results for the
CKSD statistic do not show remarkable differences if the critical p-value is set to
pc = 0.20 (see Table 4). The definitive fit is the one whose goodness-of-fit test has
been performed with a threshold value of pc = 0.20.

This is the broadest fitting range that has been found for the Gutenberg–Richter
law for earthquakes with a unique value of the exponent [9]. There are catalogs
of tiny mining-induced earthquakes that exhibit a much smaller completeness
magnitude [46] than the ones of natural seismicity used in this work. They were
not considered here because they are not currently public and show b-values
significantly different [47] from the one found here, which would result in non-
acceptable fits when merging them with the other catalogs, possibly pointing to a
different universality class.

6 Merging Earthquake and Labquake Catalogs: Universality

Motivated by the fact that the power-law exponents of earthquake catalogs and
charcoal labquakes are very similar, the methodology for merging datasets explained
in Sect. 2 is here applied by adding also the catalog of charcoal labquakes.
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Table 4 Results of fitting the models OneExp and MultiExp to the earthquake catalogs when
performing the goodness-of-fit test with the CKSD statistics and different values of pc . If the
goodness-of-fit test is performed with the KSDMD statistic, the same set of cut-offs as the fit
done by using CKSD0.20 is found. Same symbols as in Table 3. OM corresponds to the orders
of magnitude, and b̂g-value is the global b-value= 3

2 (�M − 1). The value M
(i)
max is replaced for

M
(i)
top for untruncated fits. Note that 7.67−1.93 = 5.74 units in magnitude correspond to 8.6 orders

of magnitude in seismic moment

Model MultiExp n Mmin Mmin (Nm) OM b̂-value γ̂M pf it

(1) YHS B 3412 1.93 1012 5.18 0.99(1) 1.633(7) 0.072(8)

(2) YHS A 3500 3.27 1014 5.90 0.99(2) 1.66(1) 0.089(9)

(3) CMT 19,003 5.40 1.58 × 1017 3.40 0.98(8) 1.655(5) 0.26(1)

Model OneExp N ∑
OM b̂g-value �̂M pf it

pc = 0.05 25,915 1.93 1012 14.48 0.991(6) 1.661(4) 0.079(9)

Model MultiExp n Mmin Mmin (Nm) OM b̂-value γ̂M pf it

(1) YHS B 3412 1.93 1012 5.18 0.99(1) 1.633(7) 0.072(8)

(2) YHS A 3500 3.27 1014 5.90 0.99(2) 1.66(1) 0.089(9)

(3) CMT 10,422 5.67 3.98 × 1017 3 1.00(1) 1.663(7) 0.62(2)

Model OneExp N ∑
OM b̂g-value �̂M pf it

pc = 0.20 17,334 1.93 1012 14.08 1.000(8) 1.667(5) 0.326(5)

It is important to stress the fact that the seismic moment does not correspondwith
the radiated energy Er by the earthquake, which would be the reasonable energy to
compare with the AE energy. For this study, the ratio of seismically radiated energy
over the seismic moment is considered as constant so that the values of the seismic
moment should just be multiplied by a unique factor. The value of this unique factor
is Er

M
= 10−4.6 [14], where M is the seismic moment. In this case, Er corresponds

to the energy radiated in seismic waves by earthquakes and the AE energy.
It can be shown that, for both models OneExp and MultiExp, multiplying the

variable by a constant factor only introduces a constant term in the log-likelihood
that does not change neither its maximum nor the difference of the log-likelihoods.
Let us suppose nds datasets and that data in the i-th dataset is described, for
simplicity and without losing generality, in terms of untruncated power-law PDFs.
The log-likelihood function for both OneExp andMultiExpmodels are, respectively,

logLOneExp =
nds∑
i=1

ni∑
j=1

logfX
(
xij

)

=
nds∑
i=1

ni∑
j=1

log

(
� − 1

x
(i)1−�
min

x−�
ij

)
.

(7)
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logLMultiExp =
nds∑
i=1

ni∑
j=1

log fX
(
xij

)

=
nds∑
i=1

ni∑
j=1

log

(
γi − 1

x
(i)1−γi

min

x
−γi

ij

)
.

(8)

Let us now suppose that the values taken by the variableX in the i-th dataset are
multiplied by a certain factor λi as well as the lower cut-off x

(i)
min

xij → λixij ,

x
(i)
min → λix

(i)
min .

Note that this is not strictly speaking a scale transformation since not only
the variable but some parameters characterizing the function are changed. The
likelihoods of the transformed data LT for both models are

logLT
OneExp =

nds∑
i=1

ni∑
j=1

log

⎛
⎜⎝ � − 1(

λix
(i)
min

)1−�

(
λixij

)−�

⎞
⎟⎠

= logLOneExp −
nds∑
i=1

ni logλi ,

(9)

logLT
Mult iExp =

nds∑
i=1

ni∑
j=1

log

⎛
⎜⎝ γi − 1(

λix
(i)
min

)1−γi

(
λixij

)−γi

⎞
⎟⎠

= logLMultiExp −
nds∑
i=1

ni logλi .

(10)

The transformed likelihoods can be expressed in terms of the likelihood functions
of the original data together with an additive constant term that does not depend
neither on the exponent nor the cut-off. This means that the maximum of the
transformed log-likelihood is attained at exactly the same value as the maximum
of the original one. Given that the likelihood ratio statistic is a subtraction of the
likelihood of both models, the relation between the original statistic 2R and the one
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corresponding to transformed likelihood functions is

2RT = 2
(
logLT

Mult iExp − logLT
OneExp

)

= 2
(
logLMultiExp − logLOneExp

) = 2R .

(11)

Since the two additional terms in the transformed likelihoods are the same for
both models, they cancel and the statistic for the likelihood ratio test is invariant
under this transformation. As the CKSD statistic is a weighted average of the
particular KS distances of each dataset, it does not change either. Therefore, the
results shown in Table 3 would not change except for the values of the cut-offs.

The CV test does not reject the hypothesis of a unique power-law tail for the
charcoal labquake catalog, and an untruncated power-law model is considered
for this catalog [32]. Therefore, three untruncated power laws are fitted for the
charcoal and YSH B and YSH A catalogs, and a truncated power law is fitted
to the CMT catalog. For each decade, 5 different values of x

(i)
min equally spaced

in logarithmic scale, for a fixed upper truncation x
(3)
max , were checked, and all the

possible combinations of cut-offs x
(0)
min, x

(1)
min, x

(2)
min, and x

(3)
min are checked for a fixed

upper truncation x
(3)
max . The labels (0), (1), (2), and (3) correspond to the catalogs of

the charcoal experiment, YSH B, YSH A, and CMT, respectively.
The results of the global fit for the CKSD statistic are presented in Table 5. In

this case, not all the catalogs overlap each other and the CKSD statistic is the only
one that can be used for the goodness-of-fit test. The value of the global exponent is
approximately in agreement with the harmonic mean of the particular exponents of

Table 5 Results of fitting models OneExp and MultiExp to the charcoal labquake and earthquake
datasets for two different values of pc. Same notation as in previous tables. Note that Er represents
the radiated energy in seismic waves by earthquakes and the radiated AE energy (Nm = Joule)

Model MultiExp n mmin Er,min (Nm) OM b̂-value γ̂Er
pf it

(0) Charcoal 15,906 – 6.31 × 10−18 6.47 0.988(8) 1.658(5) 0.15(1)

(1) YHS B 1353 2.33 9.99 × 107 4.58 0.98(3) 1.66(2) 0.10(1)

(2) YHS A 234 4.47 1.59 × 1011 4.10 0.98(6) 1.65(4) 0.62(2)

(3) CMT 7689 5.80 1.59 × 1013 2.80 1.00(1) 1.667(9) 0.393(5)

Model OneExp N ∑
OM b̂g -value �̂Er

pf it

pc = 0.05 25182 6.3 × 10−18 17.95 1.003(6) 1.669(4) 0.057(7)

Model MultiExp n mmin Er,min (Nm) OM b̂-value γ̂Er
pf it

(0) Charcoal 3555 – 6.31 × 10−17 5.47 1.04(2) 1.69(1) 0.88(1)

(1) YHS B 1007 2.47 1.59 × 108 4.38 0.99(3) 1.66(2) 0.058(7)

(2) YHS A 234 4.47 1.59 × 1011 4.10 0.98(6) 1.65(4) 0.62(2)

(3) CMT 3014 6.20 6.33 × 1013 2.20 1.00(2) 1.67(2) 0.59(2)

Model OneExp N ∑
OM b̂g-value �̂Er

pf it

pc = 0.20 7810 6.3 × 10−17 16.15 1.03(1) 1.688(8) 0.21(1)
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Fig. 4 Estimated PDF of the radiated energy Er for the merged earthquake and charcoal labquake
catalogs. The fit is represented by a solid black line. The methodology to construct the histogram
with the three earthquake catalogs is the same as the one explained in Ref. [34], whereas the
addition of the labquake histogram to this fit has been done ad hoc by conveniently rescaling both
parts (those corresponding to labquakes and earthquakes, respectively). Each part has been divided
by an effective number of events by assuming that the probability in each part corresponds to that
obtained from a global power-law exponent with exponent �̂ from x

(0)
min to x

(3)
max . Note that events

from the CMT, YSH A, and YSH B catalogs below their respective lower cut-offs xmin have been
excluded in the plot

the GR law for each catalog [34]. The results do not show remarkable differences
if the critical p-value is set to pc = 0.20 (see Table 5). The definitive fit is the one
whose goodness-of-fit test has been performed with a threshold value of pc = 0.20.
These results are shown in Fig. 4 and are compatible with the ones obtained from
synthetic catalogs shown in Sect. 3.

Given that there is no overlapping between the charcoal labquake catalog and
the earthquake ones, an alternative procedure must be applied in order to construct
the histogram of the estimated global PDF. First, the three earthquake catalogs are
merged according to the procedure detailed in Sect. 2. The earthquakes from the
CMT catalog that are above the upper cut-off x

(4)
max are also plotted, but they are not

part of the global PDF. Earthquakes from the YSH B, YSH A, and CMT catalogs
that are below x

(2)
min, x

(3)
min and x

(4)
min, respectively, are also excluded. This piece of

the histogram, which is not normalized yet, is denoted as Ea, from earthquakes.
The charcoal labquake catalog histogram is plotted without normalizing by any
number of events yet. The piece of histogram corresponding to charcoal labquakes is
denoted asLa, from labquakes. Given that no normalization has been performedyet,
at this point of the procedure, the pieces (Ea) and (La) are not aligned in logarithmic
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scale. Consequently, the fit of a global power law with exponent �̂ from x
(1)
min to x

(4)
max

will not overlap with both pieces.
In order to align both pieces, one has to assume that data from x

(1)
min to x

(4)
max

follows a power-law distribution with exponent �̂. Given that this assumption is
supported by statistical results that have been already found, it can be imposed that
the probability represented by each piece corresponds to this theoretical probability.
In order to achieve this imposition, the total number of counts in each piece is
divided by the effective number of events in that piece

F
(
x = x

(1)
top; x

(1)
min, x

(4)
max , �̂

)
−F

(
x = x

(1)
min; x

(1)
min, x(4)

max, �̂
)

=
C

(
x

(1)
min ≤ x ≤ x

(1)
top

)
nLa

eff

,

F
(
x = x(4)

max; x
(1)
min, x

(4)
max, �̂

)
− F

(
x = x

(2)
min; x

(1)
min, x(4)

max, �̂
)

=
C

(
x

(2)
min ≤ x ≤ x

(4)
max

)
nEa

eff

,

where C() corresponds to the number of counts in the interval considered inside the
parenthesis, F corresponds to the CDF of a truncated power law

F
(
x = x

(1)
min; x

(1)
min, x

(4)
max, �̂

)
= 0 .

Note that these numbers are integers for the (La) piece, but not for the (Ea) given that
it has been constructed by merging several datasets and an event does not contribute
necessarily one unit (see Ref. [34]). By dividing the piece (Ea) by nEa

eff and the

piece (La) by nLa
eff , the histograms are aligned and overlapping with the theoretical

fit. However, given that data outside the fit is also considered in the construction of
the histogram, the integral of both pieces (Ea) and (La) will not be one and the
effective area Aeff at this point corresponds to

Aeff =
C

(
x

(1)
low ≤ x ≤ x

(1)
top

)
nLa

eff

+
C

(
x

(2)
min ≤ x ≤ x

(4)
top

)
nEa

eff

.

In order to normalize the PDF, both pieces together with the theoretical fit must
be divided by Aeff . Contrarily to the procedure to construct a merged histogram
explained in Ref. [34], this procedure is performed ad hoc in the sense that
the theoretical PDF needs to be known a priori in order to obtain a graphical
representation.

Earthquake catalogs have also been merged with a charcoal labquake catalog
with a global power-law exponent �̂Er = 1.688, suggesting that these different
systems would be classified into the same universality class. Further investigations
involving different observables, such as the distribution of waiting times, might be
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necessary in order to properly classify charcoal labquakes and real earthquakes into
the same universality class.

7 Conclusions

We have presented a statistical procedure to merge different datasets in order to
validate the existence of universal power-law exponents across different scales or
phenomena. This methodology can be useful in the study of different complex
systems in order to check whether the power-law exponents obtained via maximum
likelihood estimation are statistically compatible among them. Therefore, the
procedure presented in this paper provides a statistical tool that enables to establish
whether different complex systems can be classified into the same universality class.
This work extends the results presented in [32], exploring the effect on the fits
of the magnitude resolution in earthquake catalogs, and detailing the mathematical
derivations.

In this work, the methodology has been applied to the Gutenberg–Richter law
for earthquakes and labquakes. By merging earthquake catalogs, a global power
law with a global exponent � = 1.667 holds for more than 8 orders of magnitude
in seismic moment (from mmin = 1.93 to mmax = 7.67 in moment magnitude).
To our knowledge, this is the broadest fitting range that has been found for the
Gutenberg–Richter law for earthquakes with a unique value of the exponent [48].
There are catalogs of tiny mining-induced earthquakes that exhibit a much smaller
completeness magnitude [46] than the ones of natural seismicity used in this work.
They were not considered here because they are not currently public and show b-
values significantly different [47] from the one found here, which would result in
non-acceptable fits whenmerging themwith the rest of catalogs, possibly pointing to
a different universality class. Future works involving different earthquake catalogs
can be carried out in order to find a broader fitting range of the Gutenberg–
Richter laws and also to check whether different regions have compatible power-law
exponents or not. This kind of studies would be of interest in order to statistically
strengthen the geological arguments that justify the difference in the b-values
observed in some regions [45].

Earthquake catalogs have also been merged with a charcoal labquake catalog
with a global power-law exponent� = 1.688 suggesting that these different systems
might be classified into the same universality class. Further investigations involving
different observables, such as the distribution of waiting times, would be necessary
in order to properly classify charcoal labquakes and real earthquakes into the same
universality class.
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